For a two·dimensional Ising model with non-crossing interactions, the correlation function of two spins separated by n lattice spacings is shown to be expressed by an n x n determinant, instead of a 2n x 2n determinant, if the two spins are on an axis about which the system has some symmetry.
In the present paper, we consider the correlation function of two spins i and f on a two-dimensional Ising model with non-crossing interactions. We assume that the two spins are separated by n lattice spacings. By extending a theory due to Vdovichenko,1) giving the spontaneous magnetization of the Ising model on the square lattice, it was shown generally that the spin-pair correlation function is expressed by a 2n X 2n determinant.
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If the lattice consists of a multiple number of sub lattices and t:he two spins i and f are on the same sublattice along an axis, the expression of the correlation function takes the form of an nlv X nlv block Toeplitz determinant with 2v X 2 v blocks, where v is the number of different sub lattices on the axis. If the lattice is monatomic on the axis along which the correlation is calculated, we have an n X n block Toeplitz determinant with 2 X 2 blocks.
3 )
It is known for simple lattices in which the lattice is monatomic on the axis and the interactions have a reflection symmetry with respect to the axis or some inversion symmetry, the 2 X 2 blocks are diagonal and the spin-pair correlation function is expressed by an n X n ordinary Toeplitz determinant.
)-7)
In the present paper, we assume that the two spins i and f are on the same sublattice along an axis and that the interactions have either a reflection symmetry with respect to the axis or such an inversion symmetry that the midpoint between every pair of lattice sites on the axis is a centre of symmetry. We then show that the correlation function is expressed by an n X n determinant, instead of a 2n X 2n determinant. If there are v different sublattices on the axis, it takes the form of an nlv X nlv block Toeplitz determinant with v X v blocks. If the lattice is monatomic on the axis along which the correlation is calculated, we have an n X n ordinary Toeplitz determinant.
In the diagram approach to the two-dimensional Ising model, the partition function and the pair correlation function are expressed in terms of diagrams of loops and chains, which consist of bonds, each connecting a pair of nearest-neighbour lattice sites. 8HO ) We put directions to the loops and chains, and then a bond with direction is called a step. We express the set of all the pairs of nearest-neighbour lattice sites with a direction by B, and then a step is an element in B_ The interaction between spins at both ends of a step labeled by /3 is denoted by fp. The number of elements in E is denoted by lEI. We define a lEI X lEI matrix A by (/3EE, /3'EE) (1) Here (2) where kB is the Boltzmann constant, T is the temperature, and ep,p' is zero if the step /3 cannot be a next step to /3' in a chain or if /3 is the reverse step of /3' and (3) otherwise, where (PP,p' is the angle of the direction of the step /3 relative to that of /3'.
The partition function of the system Z is expressed as (4) where N is the total number of lattice sites in the system and 1M for an integer M is the MxM unit matrix.
We consider the correlation function of two spins on lattice sites i and f, which is denoted by Ol,f. We consider a shortest non-crossing chain from the site i to f. The number of steps on the chain is denoted by n, and the steps are labeled as /31, /32, "', /3n in the order from i to f. The set of these steps is denoted by R1• We label the reverse step of /3j, which is different from /3j only by the direction, by /3; for j = 1, 2, "', n, and express the set of /31, /32, "', /3~ by R2• The spin-pair correlation function is written as 2 ) olf=X/det(12n+ PD),
where n Xn=I1 tp,.
i=l Here P and Dare 2n X 2n matrix consisting of four n X n matrices as follows:
where Pi; for i = 1, 2 and j = 1, 2 are defined by their elements:
and On is the n X n zero matrix and Di for i = 1, 2 are the diagonal matrices whose nonzero elements are (9) The matrix elements of Pij are expressed in terms of diagrams of chains, by expanding the (1IBI-A)-l in (8) (11) (12)
We consider the case that the lattice sites i and f and steps /31, /32, "', /3n are all on an axis A and the system has the reflection symmetry with respect to the axis A. We show that P 12 and P2l are the zero matrices for this case. We calculate the matrix element (P2l)P,P' for /3ER2 and /3'ERl. For a chain Cl in the sum (10) for this case, the total angle ¢( Cl) is equal to 7r multiplied by an odd integer. We have another chain C1 which is obtained from Cl by the operation of the reflection with respect to the axis A; see Fig. l(a) . The total angle ¢( CD is equal to -¢( Cl ). The contributions of the chains Cl and Cl are different only by the sign, since We can also show (H2)P,P'=0 for /3ERI and /3'ER2. Hence we have
PI2=P21= On. (15)
In the case when the midpoint between every pair of lattice sites on the axis A is assumed to be a centre of symmetry, CL which cancels CI, is obtained from CI by an inversion, as illustrated in Fig. l(b) . Substituting (15) into (5), we obtain
Since the last two determinants are equal to each other, we have 6!,f=Xndet(In+ PuDI).
In deriving (17) from (16), we have had to choose the sign. For this purpose, we can use the diagram expansion of the spin-pair correlation for 6i,f given by 6!,f={Sum of chains from site i' to site f'} ,
where the sites i' and f' are additional lattice sites connected only to the sites i and f, respectively. In this sum, a cha.in represents a product of factors t7 for the steps r on the chain and of factor -1 for every crossing. A derivation of this expansion was given in the Appendix of Ref. 11). The leading term of the expansion is equal to
By choosing the sign as in (17), we see that the leading term in (17) is equal to Xn, which is this value.
In conclusion, assuming that the lattice sites i and f are on an axis and the system has the reflection symmetry about the axis or an inversion symmetry, the correlation function 6u of the spins on the sites i and f is shown to be expressed by (17), where P u and DI are given by (8) and (9) with (1)~(3). It is obvious that the determinant in (17) takes a block Toeplitz form or an ordinary Toeplitz form according as there are a multiple number of sub lattices or a single sub lattice on the axis on which the sites i and f are situated. When an inversion symmetry is assumed above, the midpoint between every pair of lattice sites along an axis is a centre of symmetry, which is possible only when the axis is monatomic.
